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Abstract

The vector-clock size necessary to characterize causal-
ity in a distributed computation is bounded by the dimen-
sion of the partial order induced by that computation. In
an arbitrary distributed computation the dimension can be
as large as the width, which in turn can be as large as the
number of processes in the computation. Most vector clock
algorithms, and all online ones, simply use a vector of size
equal to the number of processes. In practice the dimen-
sion may be much smaller. It is the purpose of this paper
to provide empirical evidence that the dimension of various
distributed computations is often substantially smaller than
the number of processes. We have found that typical dis-
tributed computations, with as many as 300 processes, have
dimension less than 10. To achieve this quantification we
developed various theorems and algorithms which we also
describe.

1 Motivation

An important problem in distributed systems is monitor-
ing and debugging distributed computations. This problem
is hard because events in the computation can be concur-
rent. The events form a partial order, not a total one. While
displaying this partial order can be a useful debugging aid,
for any non-trivial computation it is not possible to display
the whole partial order. As a result, distributed debugging
systems such as POET [13] need to provide much more than
just a drawing. It is necessary to intelligently scroll around
the display [20], search for interesting patterns [10], com-
pute differences between subsequent executions of a com-
putation [8], detect race conditions [23], determine appro-
priate abstractions to provide higher level views [12], and so
on. To perform these operations it is frequently necessary
to determine event precedence. That is, given two events,
it is necessary to be able to efficiently determine if they are
ordered or if they are concurrent.

Event precedence may be determined in several ways,
depending on how the partial order is represented. If the
partial order is stored as a directed acyclic graph, then
precedence determination is a constant time operation. This
is because the partial order is transitively closed and so there
is an edge between any two events that are ordered. How-
ever, the space consumption for this method is unacceptably
high. If, on the other hand, the transitive reduction of the
partial order is used, much less space is needed. Unfortu-
nately, this requires a (potentially quite slow) search opera-
tion on the graph to determine precedence. To compensate
for this deficiency a vector clock [3, 15] is associated with
each event. If the processes in which the events occur are
known, then it is possible to determine precedence with vec-
tor clocks in constant time.

The size of a vector clock necessary to capture causality
is bounded by the dimension of the partial order induced
by the computation. Charron-Bost [2] has shown that the
dimension can be as large as the width, and all online vector
clocks developed to date require a vector with size equal to
the number of processes (which forms an upper bound on
the width). Since we need to associate such a vector clock
with every event in the computation, we are substantially
constrained in the number of processes that we can observe.
In POET we have found that due to this limitation we can
handle at most a few-hundred processes.

The Charron-Bost proof, while true, relies on a very spe-
cific distributed computation. It was our belief, and this
paper provides empirical evidence to support it, that this
computation, or variations on it, simply does not occur in
practice, and that those computations that do occur in prac-
tice, tend to have a much lower dimension than the number
of processes involved. In this paper we provide an algo-
rithm for estimating the dimension of the partial order in-
duced by a distributed computation. While we do not yet
have a bound on the quality of the algorithm, the results we
present show that the dimension of typical computations is
substantially smaller than the number of processes involved
in the computation. It is therefore possible to use a much



smaller vector clock than is used at present for any offline
analysis. We are still working on developing an online vec-
tor clock whose size is bounded by dimension, not by the
number of processes.

In the remainder of this paper we will specify first the
formal model of distributed computation and why this leads
to a problem with vector-clock size. In Section 3 we will
describe the theorems and algorithms we developed to de-
termine the dimension bound of distributed computations.
We then discuss the results we achieved from this after ex-
ecuting the algorithms over several computations in various
parallel, concurrent and distributed environments. Finally
we indicate what work remains to be completed to achieve
online vector clocks whose size is dimension-bounded

2 Background

We use the standard model of distributed systems, ini-
tially defined by Lamport [14]: a distributed system is a
system comprising multiple sequential processes commu-
nicating via message passing. Each sequential process con-
sists of three types of events, send, receive and unary, totally
ordered within the process. A distributed computation is the
partial order formed by the “happened before” relation over
the union of all of the events across all of the processes. We
will refer to the set of all events with

�
, the set of events

within a given process by
���

(where � uniquely identifies
the process) and an individual event by � � � (where � identi-
fies the process and � identifies the event’s position within
the process). Then the Lamport “happened before” relation
( �	� ��
��

) is defined as the smallest transitive relation
satisfying

1. � � � �
���� if �����
2. � � � �
� �� if � � � is a send event and � � � is the correspond-

ing receive event

Events are concurrent if they are not in the “happened be-
fore” relation.

� � ��� � � ����� � � ����
� ���� � � � ��
� � � (1)

Each event in the computation has an associated vector
clock for event precedence determination. Since we are
working in a debugging context, the vector clock is not
a part of the computation. Rather, it is computed sepa-
rately by the debugging agent. We must now describe some
partial-order terminology in order to explain why these vec-
tors are of size equal to the number of processes in the com-
putation.

2.1 Partial-order terminology

The following terminology is due to Trotter [21]. A strict
partial-order (or partially-ordered set, or poset) is a pair

�! #"%$'&
where

 
is a finite set1 and

$
is an irreflexive,2

antisymmetric and transitive binary relation on
 

. A sub-
poset,

�)(*"%$'+ ,-&
, is a poset whose set

(
is a subset of

 
, and

whose relation
$�+ ,

is the restriction of
$

to the subset. An
antichain is any completely unordered poset. The width of
a poset is the longest antichain contained in that poset. In
the context of a distributed computation, the width must be
less than or equal to the number of processes.

An extension,
�! ."%/'&

, of a partial order
�! #"%$'&

is any
partial order that satisfies

�!01"324&�56$ � �708"92:&;56/

If
/

is a total order, then the extension is called a lin-
ear extension. If

�7(-"9<�&
is an extension of the subposet�7(-"9$'+ ,-&

of
�! ."9$'&

, then
�7(-"9<�&

is said to be a subextension
of
�7 #"9$'&

. A realizer of a partial order is any set of linear
extensions whose intersection forms the partial order. The
dimension of a partial order is the cardinality of the smallest
possible realizer.

Finally, we say that “
2

is an immediate predecessor of = ”
or “ = is an immediate successor of

2
” if

2
precedes = and

there is no intermediate element in the partial order between2
and = .

2 ��>?= �@� 2 �A= � � � B:C 2 �ED � DF�
= & (2)

2.2 The vector-clock size problem

There are two reasons why vector clocks have size equal
to the number of processes in the distributed computation.
The first reason is algorithm availability. The best online al-
gorithms for vector clocks are typically Fidge/Mattern vari-
ants [3, 15], which require a vector of size equal to the
number of processes. While there is an alternate, the Ore
timestamp (to be discussed in Section 2.3), whose size is
bounded by the dimension of the partial order, it is an of-
fline technique.

The second reason is more theoretical. To capture prece-
dence in a partial order it is necessary to have a vector (or
equivalent) of size equal to the dimension of that partial or-
der [16]. Further, the dimension of a partial order can be
as large as the width [21]. Crown S G H is the standard ex-
ample of such a partial order, and is shown in Figure 1(a).
By shifting each I � element of this partial order we create
the distributed computation shown in Figure 1(b). While
this computation does not violate our model of distributed

1Since we are modeling distributed computations, all of the sets will be
finite.

2If J is reflexive, it is a partial order rather than a strict partial order.
The difference is not an important point in our context. The “happened
before” relation, as defined by Lamport [14], is irreflexive, and so we use
strict partial orders.
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Figure 1. Crown and broadcast partial orders

computation, it is unusual in that it requires both multi-
cast send operations and corresponding multi-receive op-
erations. While both of these operations do have real sys-
tems counterparts, it is important to emphasize that neither
is necessary. Charron-Bost’s study [2] relies only on point-
to-point computation, though the sample computation pro-
duced is, in essence, the same as that of the Figure 1(b).
Both correspond to all processes sending a message to all
other processes, with the exception of their left neighbour.

The limitation of the Charron-Bost proof is precisely in
the nature of what the crown S G H distributed computation
represents. In practical terms, this is not a realistic dis-
tributed computation. In addition, the more likely compu-
tation, in which each process broadcasts a message to all
other processes (shown in Figure 1(c)), has dimension 2. It
is therefore the objective of this paper to determine a bound
on the dimension of actual distributed computations, rather
than theoretical ones that are doubtful to ever occur in prac-
tice. This bound would represent a more accurate require-
ment for the size of timestamps necessary to capture causal-
ity.

Before we describe how we compute the dimension
bound, and what our results are for typical distributed com-
putations, we wish to justify that there are in practice alter-
nate timestamps that are more compact than Fidge/Mattern
vector clocks. We will also discuss work related to our own.

2.3 Ore timestamps

There is an alternate timestamp to the Fidge/Mattern vec-
tor clock, whose size is bounded by the dimension, not the
width, of the partial order. This is the Ore timestamp [16].
Given a realizer for partial order

�! ."9$'&
the timestamp as-

sociated with each
0�5  

is simply the vector of its posi-
tion in the various linear extensions that form the realizer.
It is then straightforward to see that causality between two
events,

0
and

2
can be determined by comparing the vari-

ous elements in the vectors of the two events. If they are
all less, then precedence is established. If some are less and

some are greater then concurrency is established. While this
timestamp is offline, and it is beyond the scope of this paper
to correct this deficiency, it does indicate that timestamps
whose size is bounded by the dimension, not the width, of
the partial order are not only possible in theory but exist in
practice.

2.4 Related work

Before preceding to describe how we computed dimen-
sion bounds, we will briefly describe some of the work re-
lated to our own. There are essentially two categories of
related work. The first group are those who are developing
systems for visualizing parallel and distributed systems in
a process-time fashion. Such work includes GOLD [17],
ParaGraph [9] and our own system, POET [13]. Other than
our own, these systems tend to use vector-clocks or vari-
ants within the computation, rather than have the informa-
tion sent to a central server which computes the vector-
timestamps for visualization purposes. These systems tend
to take the approach of just using what is presently avail-
able, and not being concerned with substantial scalability.
The GOLD system uses dependency vectors, developed by
Fowler and Zwaenepoel [5], which will be size

� ���8&
by the

time they are attached to individual events. ParaGraph has
the ability to provide space-time diagrams, but there is no
attempt to determine causality. It is merely a visualization,
based on, possibly badly synchronized, local clocks It is up
to the user to trace the dependencies. Indeed, the authors
acknowledge that the size would not scale well beyond 128
processes, as the display becomes too cluttered. POET uses
standard Fidge/Mattern timestamps, and so it too requires
vectors of size equal to the number of processes.

The second group are those who are trying to reduce the
vector-clock size, but in the context of maintaining vector-
clocks by the processes involved in the computation. There
are three main algorithms in this area. The first technique,
due to Singhal and Kshemkalyani [18], sends a differential
vector of what has changed since the last communication to
the receiving process. It requires two additional vectors of
size

�
at each process to recover the timestamp information.

The second method, due to Fowler and Zwaenepoel [5], is
to maintain only direct dependency vectors. That is, only
the scalar time at the local process is transmitted to a re-
ceiver. A graph search is needed to go from this information
to full precedence information. The third algorithm, due
to Jard and Jourdan [11], creates a pseudo-direct relation
that is stronger than direct dependency. The basic problem
with all of these techniques is that they do not apply in the
debugging or monitoring context. In the context of main-
taining vector time in a distributed computation, they all
succeed, to one degree or another, in reducing the message-
size overhead required. In our context, we must maintain



vectors for all events at all times. What is relevant is not,
therefore, the message-size overhead, as we send no mes-
sages but rather computer the vectors separately from the
computation. What is relevant is the amount of information
necessary to determine precedence.

Finally, there are no performance results that we are
aware of concerning the actual behaviour of the various sys-
tems of the first group or algorithms of the second group in
the context of large numbers of processes. In this respect,
our paper is unique.

3 Bounding the dimension

In this section we will describe the algorithms we have
developed to compute the dimension of the partial order.
This is done in a two-phase process. We first compute the
critical pairs of the partial order, and then we create a set of
extensions that reverses those pairs. We will first describe
the formal justification for this approach, and then describe
the two phases. Finally we will provide some analysis of
the algorithm.

Computing the exact dimension of a partial order is
known to be NP-hard for any partial order of dimension
greater than two [22]. We therefore approached the prob-
lem by attempting to simply bound the dimension. For our
purposes, an order of magnitude difference between the di-
mension bound and the number of processes would be suffi-
cient to justify proceeding. It was then necessary to develop
an algorithm to achieve a reasonable bound in a reasonable
amount of time. Rather than take the direct approach of
generating linear extensions and then determining if they
formed a realizer we chose an indirect route based on the
concept of critical pairs.

Definition 1 (critical pair)
�!01"324&

is a critical pair of par-
tial order

�7 #"9$'&
if
0 � 2

and
�! #"%$ ��� �!01"324&�� &

is a partial
order.

An equivalent definition is
�708"324&�5����

if and only if

0 � 2 ��	�

��� =�� 0 � = � 2 � 2 �
= � 0 �A=
where

���
is the set of all critical pairs of the partial order�! #"%$'&

. The significance of critical pairs, as regards dimen-
sion, is in the following theorem [21].

Theorem 1 The dimension of a partial order is equal to the
least number of subextensions of that partial order required
to reverse all of its critical pairs.

A critical pair
�708"92:&

is said to be reversed by a set of
subextensions if one of the subextensions in the set contains2 � 0

. In simpler terms, it is sufficient to simply reverse
the critical pair events. Specifically, all events that are not
part of a critical pair may be ignored. Further, not every

subextension need contain all critical pairs. Note also, that
it is not necessary for the subextensions to be linear. They
merely have to reverse the critical pairs.

The approach we have then taken to the problem of
bounding the dimension is to first compute all of the crit-
ical pairs of the partial order (a polynomial-time problem)
and then create extensions that reverse these critical pairs
(an NP-hard problem).

3.1 Computing critical pairs

While it is possible to use the given definition of criti-
cal pairs to compute the set of all critical pairs, any such
algorithm would likely be very inefficient. To achieve rea-
sonable performance in the computation it is necessary to
develop an association of critical pairs with the relations
that hold for the partial order. To this end, we define the
sets ��������� ��������� �!� � � � � � & and " � ���#�!�
��� ��������� �!� � � � � � & .
Definition 2 (leastConcurrent(e)) The set of events that
are leastConcurrent to an event e are those events that are
concurrent with e and which have no predecessor which is
also concurrent with e.

In formal terms, ��������� ��������� �!� � � � � � & is the set:$
� �
+ � �
+ + � �&% � B ')(* �,+� + + � � �,+� �
� �.-0/ (3)

Likewise the set " � �
�#�!�
��� ���1�2��� �!� � � � � � & is:$
��3 + ��3 + + � � % � B ' ( 4 � +3 + + � � ��3��
� +3 -5/ (4)

This then leads to the following theorem.

Theorem 2
�708"92:&

form a critical pair if and only if

0 5 ��������� ���1�2��� �!� � � � �!24& � 2 5 " � �
�6�7�
��� ���1�2���2�7� � � � �!0 &
This theorem enabled the development of the following

algorithm.

1: 	�8 2 5 Events in Computation
�

2: �:9<;=��������� ���1�2��� �!� � � � �!24&
3: 	�> 0.5 �:9 �
4: ? 9 ;=" � ���#�!�
��� ��������� �!� � � � �70 &
5: if

�!2 5 ? 9 & �
6:

�!01"324&
is a critical pair

7:
�

8:
�

9:
�

Some comments should be made about this algorithm.
First, it is not obvious from the above why we perform
the computation in what appears to be the reverse order.
That is, we take each event as a possible second element



of a critical pair, rather than a first element. The reason
has to do with the relative cheapness with which we can
compute the � �
�1� � �����2� � �!� � � � set versus the comparative
expense of computing the " � ���#�!�
��� ��������� �!� � � � set. We im-
plemented our algorithm as a client to the POET server. As
such we have access to Fidge/Mattern timestamps for each
event. An important property of these timestamps is that
they give the set of events that are the greatest predecessors
in each process to the event for which they form the times-
tamp. What this means is that we can efficiently compute
the ��������� ���1�2��� �!� � � � set of an event as follows.

1: ��������� ���1�2��� �!� � � � � � & �
2: � 9 ;=� ��� ��� ��� ��� � � &����

3: 	 > 0 5 � 9 �
4: if

�70 �� � & �
5: �:9<;
�:9
	 0
6:

�
7:

�
8: 	�> 0 5 �:9 �
9: 	 8 2 5 �:9 �

10: if
�!0 � 2:& �

11: �:9<;
�:9
	 2
12:

�
12:

�
13:

�
14: return � 9
15:

�
In words, to compute � �
�1� � �����2� � �7� � � � � � & we start with

the timestamp of � , that is, those events that are the greatest
predecessors to � in their respective processes. We advance
this timestamp by one; that is, we increment each element
of the timestamp. This now represents a set of events that
are either concurrent or successors to � . We refer to this
set as the set of potentially least concurrent events of � .
We remove from this set any event that is not concurrent
with the event � and any event that is preceded by some
other event within the set. This leaves those events that are��������� ��������� �!� � � � � � & . This computation costs

� � D�� & where
D is the width of the partial order (that is, the number of
processes in the computation). The reason is that the num-
ber of iterations of the outer and inner loops of the nested
loop is equal to the cardinality of the lC set, which can be
as large as the width.

The " � �
�6�7�
��� ���1�2���2�7� � � � � � & set is more expensive to
calculate. To compute it we start with the greatest prede-
cessors (i.e. the Fidge/Mattern timestamp) of � . We iterate
along each process’ set of events until we reach the event
immediately prior to a successor event to � , or we come to
the last event in that process. This yields the potentially
greatest concurrent set. We then remove all events in this
set that are not concurrent with � or that precede any other
events in the set. This leaves the " � ���#�7��� � �����2� � �!� � � � � � &

set. The cost of this operation can be quite substantial, since
we must compare with an arbitrary number of successors to
the greatest predecessors of � . This motivated the discovery
of the following theorem.

Theorem 3 If two events,
0

and
2

, are concurrent then ei-
ther

2�5 " � �
�#�!�
��� ���1�2��� �!� � � � �!0 & or
0

precedes some im-
mediate successor of

2
.

Since we will not compute " � �
�#�!�
��� ���1�2��� �!� � � � �!0 & until
we know that

0#5 ��������� ���1�2��� �!� � � � �!24& we know that
0 � 2

.
What this means in practice is that we do not compute the" � �
�6�7�
��� ���1�2���2�7� � � � �!0 & set at all, but rather simply check
whether

0
is a predecessor of all immediate successors of

2
.

If it is, then
�!01"324&

form a critical pair. Thus the algorithms
becomes:

1: 	 8 2 5 Events in Computation
�

2: � 9 ;=��������� ���1�2��� �!� � � � �!24&
3: 	 > 0.5 � 9 �
4: ��
 ; ��� + 2 ��> � �
5: if

� 	�� � 5 ��
 � 0 � � & �
6:

�!01"324&
is a critical pair

7:
�

8:
�

9:
�

Since we only support point-to-point communication,
the set of events that are immediate successors to an event
has cardinality less than 3. This means that the cost to com-
pute the critical pairs is

� � D � & per event or
� � D � �8& , where�

is the total number of events, for the whole distributed
computation.

3.2 Reversing critical pairs

Building the minimum number of extensions that re-
verses the critical pairs of a partial order is NP-hard for di-
mension greater than two [22]. Instead we propose a reason-
ably efficient algorithm that will not give an optimal solu-
tion, but will provide an upper bound on the minimum num-
ber of extensions necessary (that is, the dimension). Insofar
as the dimension-bound we compute is small, it is a satis-
factory tradeoff. To achieve this we developed a two-step
algorithm. First we select the desired extension in which
we will reverse the current critical pair and then we insert it
into that extension.

In accordance with Theorem 1, it is sufficient to develop
subextensions that reverse the critical pairs of the partial or-
der. We do not have to insert all critical pairs in all subexten-
sions. We merely have to find one subextension that will re-
verse the critical pair. Each subextension then is composed
of some reversed critical pair events and nothing else. Note
that this approach would not be sufficient for generating Ore



timestamps. It is insufficient as each subextension contains
just a subset of the events of the partial order, not all of the
events. Further, Ore timestamps require that the extensions
are linear. Note also that using subextensions, rather than
extensions, has implications on how we can insert critical
pairs into the subextension.

To understand the algorithm we must define what it
means to insert a critical pair into an subextension. It means
that we can add the events of the critical pair, such that they
are reversed, and that it violates neither the partial order,
nor the additional constraints that the reversal requires. It
may also be the case, if the insertion algorithm is not opti-
mal, that a subextension rejects the critical pair even though
it did not violate these conditions, but rather violated some
aspect of the structure in which the extension was kept.

It is, perhaps, helpful to consider a simple example. Sup-
pose we have a partial order consisting solely of two con-
current events, � and

�
. It has critical pairs

� � " � & and� � " � & . Once
� � " � & has been inserted into a subextension,

that subextension must reflect the constraint
� � � . As

such
� � " � & cannot be inserted into that subextension, since

it would require the subextension to reflect � � �
.

We say that a subextension accepts a critical pair if the
critical pair may be inserted into that subextension. A
subextension rejects a critical pair if it does not accept it.
Since a subextension may reject a critical pair, insertion into
a subextension may fail. Therefore the first step of the algo-
rithm must have a strategy for selecting an alternate subex-
tension in which to place the critical pair. We can now de-
scribe the specific algorithms used for the two steps.

The algorithm we used for the extension-selection step
is a simple greedy one. We insert the current critical-pair
events into the first extension that will accept it. In the event
that all current extensions reject the critical pair, we create
a new extension, containing no events, that must, by defini-
tion, accept the critical pair. The critical pair is inserted into
the new extension. Thus, the first step algorithm is:

1: insert(x,y)
�

2: for (i = 0; i ¡ numberExtensions; ++i)
�

3: if (insert(extension[i], x, y))
�

4: return
5:

�
6:

�
7: create(extension[numberExtensions])
8: insert(extension[numberExtensions], x, y)
9: ++numberExtensions

10: return;
11:

�

3.2.1 Subextension insertion

For the second step of the algorithm, we had to define a
method for inserting critical pairs into an subextension. The
initial algorithm that we developed was a greedy one that
worked on the principle “place the event before the first
event it must precede.” While this approach produces some
promising results, it also produces some spectacularly bad
ones.

We therefore decided to develop an optimal solution to
this second step. We maintain a directed acyclic graph for
each subextension. To add a critical pair we add the two
events in turn and then determine if the graph is still acyclic.
If it is acyclic we have accepted and inserted the critical pair.
If it is not, we reject the critical pair, and remove the evi-
dence of the addition. This method proved to be acceptable,
as we can see in Section 4.

The data structure for a given node of the DAG repre-
senting event � maintains the following information: the
vector timestamp of � , the sets

��� +�� � " � & 5 ��� 
 � and��� + � � " � &;5 ��� 
 � (where
��� 
 � ���

is the subset of the
critical pairs that this subextension � has reversed), and a
set of pointers to some of the successors to � in the DAG.
The actual successors pointed to will depend on the order in
which events are inserted. It is not typically the minimum
set of successors needed, but neither is it the full transitive
closure.

We now define event precedence between two DAG
events as follows.

0�� 
 2 �@� 0 � 2
	��!2 "30 &�5 ��� 

where

��� 
 is the set of critical pairs that are reversed by
subextension � , as defined above. Event

0
precedes

2
in

subextension � if and only if
0

precedes
2

in the partial or-
der or

�!2 "30 &
is a critical pair that is reversed by this subex-

tension. Note that if events � and
�

are in a subextension
� and

� � " � & form a critical pair this does not necessarily
imply that

� � " � & 5 ��� 
 . The pair
� � " � & is only in

��� 

if the subextension � has accepted, that is reversed, it. A
simple example of this case is if the subextension � already
contains the critical pair

� � " � & .
A second significant aspect of this definition is that it

does not capture transitivity. Thus if = is an immediate suc-
cessor to

0
and both are concurrent to

2
, with

�!01"324&
forming

a critical pair, then
2�� 0

and
0�� = but

2 �� = . Appropriate
transitivity can only be captured by traversing the DAG.

We designate a special node root with the property that	�> root
� 
 0 . The root node enables us to enter the DAG at

a single point, rather than, potentially, multiple concurrent
points.

The insertion algorithm is then as follows. We traverse
the DAG in a depth-first search order, starting at the root,
comparing the event being inserted with the current node.



We determine if the event equals, succeeds, precedes or is
concurrent with the current node. Only one of these must
be the case, and if more than one has occurred, we abort
the insertion. It has failed. If the event precedes or equals
the current node, then it must not succeed or equal any suc-
cessors to the current node. We therefore set a mustNotSuc-
ceedOrEqual variable to this effect. If this variable has been
set before, and the event succeeds or equals the current node
we will abort the insertion.

If the event succeeds the current node, then we may have
to add successor pointers to the event from the current node.
We have to add a successor pointer from the current node to
the event if it precedes any of the successors to the current
node, or if it is concurrent with all of the successors. In
the former case we will also add a pointer from the event to
the successor node that it precedes, and remove the pointer
from the current node to the successor node, since there is a
path through the event..

We repeat these operations for the successor nodes of
the current node, in depth-first order. The mustNotSuccee-
dOrEqual variable is stored and recovered from the depth-
first search stack.

To traverse the DAG there is a “mark” integer associated
with each node. Before each traversal we increment the
mark value in the root. As we visit a node we set the value of
mark at that node to value of the mark at the root. We only
visit a node if the mark is less than the root mark value.
Since we simply use an integer for this mark, if we ever
reach about half-a-billion critical pairs this value will wrap.
This defect can be easily fixed when the need arises.

To enable us to undo any changes we make, before we
make any change we create a copy of the DAG node. We
only do this if we do not yet have a copy. After successful
insertion of both events of the critical pair we traverse the
DAG completely to commit the changes. That is, we tra-
verse the DAG and delete the copy at any node that has one.
If the insertion of the events is unsuccessful, we traverse the
DAG and abort the changes. That is, we traverse the DAG
and, wherever there was a copy made we restore that copy
over the existing node.

3.3 Algorithm analysis

We now turn to studying the quality of the algorithm.
There are two aspects to this. We wish to study the effi-
ciency of the algorithm and we would like to know how
tight dimension-bounds are that it produces, given that the
algorithm does not produce the optimal bound.

We have already seen that the computation cost to de-
termine the critical pairs is

� � D�� & per event. The cost of
reversing a critical pair is in the worst case equal to the cost
of attempting to insert it into all of the extensions. We pre-
sume that each extension in turn rejects the insertion. If the

dimension bound produced is
�

then there will be
�

such
attempts. The cost of each insertion attempt is, again in the
worst case,

� � � �8&
where

�
is the total number of events and�

is the branching factor of the extension DAG, since each
successor must be explicitly compared with the event being
inserted and all nodes in the DAG must be examined. Thus,
the total cost of the algorithm is

� � ��� D�� � � & . This bound is
probably not tight, and we already know of ways in which
we could reduce the algorithm complexity, though this was
not our prime concern.

The quality of the dimension-bound produced is some-
thing that we are currently investigating. We know that the
bound we produce will never exceed D as to do so would re-
quire more than D mutually conflicting critical pairs. This
would imply that the dimension could exceed the width,
which we have already seen is not possible. We also know
that the algorithm will never give a figure that is less than
the dimension of the computation. In this respect it is con-
servative. Given this fact, and since the dimension bound
produced tends to be in single digits, the algorithm is in
general producing an answer that is within a factor of 5 of
the actual dimension (it is trivial to determine that all of the
computations have a dimension of at least 2).

The only step in the algorithm that is not optimal (from
a dimension-bound perspective) is the subextension selec-
tion step. We have therefore experimented with varying
the ordering in which subextensions are selected. There
are several variations we have considered, which largely fall
into two camps: random selection and deterministic selec-
tion. The random selection techniques included a random
selection for every attempt and randomly selecting the first
attempt and then deterministically choosing the remaining
selections. The deterministic approaches considered gener-
ating the critical pairs in different orders (in particular, gen-
erating them in a linearization of the partial order, selecting
processes in different orders, and generating the pairs or-
dered by the first event in the pair rather than the second).
Thus far these variations have made little difference to the
results that are generated. This suggests at least some de-
gree of robustness in the algorithm. Our current objective is
to attempt to determine the quality of the dimension-bound
analytically.

4 Results and observations

We have executed our dimension-bound algorithm over
several dozen distributed computations covering over half-
a-dozen different parallel, concurrent and distributed envi-
ronments and a range of 3 to 300 processes. The environ-
ment types are the Open Software Foundation Distributed
Computing Environment [4], the � C++ shared memory
concurrent programming language [1], the Hermes dis-
tributed programming language [19], the Parallel Virtual



Number of Number of Number of Dimension
Events Processes Critical Pairs Bound

45 5 12 3
90 19 27 2

121 20 61 4
249 40 124 3
291 42 164 3
467 42 183 4
297 44 237 4
499 70 443 5
501 72 496 6
833 110 1490 9
817 112 1378 8
928 114 1738 7
902 115 1402 8

1560 159 3579 10

Table 1. Dimension bounds for OSF DCE

Number of Number of Number of Dimension
Events Processes Critical Pairs Bound

15 7 38 2
2687 59 2360 4
3252 66 3044 4
2612 66 2032 3

49791 95 6622 3
3272 96 5906 4
7426 109 10019 6
4028 110 8439 6
7928 112 6969 3

35266 112 6675 4
30048 120 7999 3

9826 178 18464 6

Table 2. Dimension bounds for Java

Machine [6] and the Java programming language [7]. Vari-
ous of the raw results are shown in Tables 1 through 5.

The quick summary is that the dimension bound that we
discovered over this range of computations and environ-
ments was always 10 or less. For computations of process
count greater than 20 there is a minimum of an order of
magnitude difference between the dimension and the num-
ber of processes. When the number of processes is greater
than 100, it is usually a factor of 15 or greater. To help visu-
alize what these results imply, we created a graph, shown in
Figure 2, which plots dimension as a function of the num-
ber of processes. The two graphs shown are the same, but
with differing scales. The horizontal axis is the number of
processes while the vertical axis is the dimension bound.
We also plot two additional lines. First we show the “di-
mension = 10” line, as all results were less than or equal to
that value. Second, we show the “dimension = width” line,

Number of Number of Number of Dimension
Events Processes Critical Pairs Bound

360 12 156 2
1750 12 853 5

Table 3. Dimension bounds for � C++

Number of Number of Number of Dimension
Events Processes Critical Pairs Bound

1888 125 1323 5
1944 127 1429 5
4164 267 4403 7

l4086 297 21401 6

Table 4. Dimension bounds for Hermes

which illustrates the increase in Fidge/Mattern vector-clock
size as the number of processes increases.

In addition to testing with distributed computations, we
created a series of broadcast patterns of varying sizes and
crown patterns. The results from our program for these pat-
terns was dimension bound

�
for the crown patterns and 3

for the broadcasts, regardless the number of processes in-
volved in the broadcast. The dimension of all of these cases
is optimal. However, it should by no means be inferred
that the algorithm is in general producing optimal results.
All we can infer from the current data is that the dimen-
sion bounds achieved for a reasonable number and variety
of distributed computations is substantially better than the
assumed default value of the number of processes involved.

5 Further work

There are several areas in which we are actively work-
ing. We have developed an online algorithm for dimension-
bound analysis, which we hope will lead us to an online
variant of the Ore timestamp. This will not render this of-
fline algorithm obsolete. The offline algorithm is far more
useful for checking robustness assumptions under different
orderings of the critical pairs (recall that this is the only
aspect of the algorithm that is not optimal in terms of com-
puting the dimension). We are also actively attempting to
discover the analytical quality of the bounds produced by
this algorithm.

Number of Number of Number of Dimension
Events Processes Critical Pairs Bound

138 16 270 3
1338 64 4782 5
2682 128 17759 5

Table 5. Dimension bounds for PVM
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